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Abstract 

We establish existence results of the following three-point boundary value 
problems: 

( ) ( ) ( )( ) ( )
( ) ( ) ( ) ( )



ηδ==
∈=′+′′

,1,00
,1,0,0,,

uuuBC
ttututftu

 

where ,10 <η<  and 0>δ  with 1<δη  or with .1≤δ  The approach applied in 
this paper is upper and lower solution method associated with basic degree theory 
or Schauder’s fixed point theorem. Under the Nagumo’s condition posed on the 
source term, we deal with diverse solutions for this boundary value problem with 
the function f which is continuous, Carathéodory on its domain, respectively. 

1. Introduction 

In this paper, we consider three-point boundary value problem 
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( ) ( ) ( )( ) ( ),1,0,0,, ∈=′+′′ ttututftu  (1) 

 ( ) ( ) ( ),1,00 ηδ== uuu  (2) 

where ,10 <η<  and 0>δ  with 1<δη  or with .1≤δ  

There are plenty of works having appeared on three-point boundary 
value problems, when f is independent of ,u′  see, for example, [4, 6, 7]. 
Note that in this article, we are particularly interested in the source term 
f, which depends on .u′  Recently, many authors pay attention to such 
problems and get existence results of multiple solutions, see [3, 5]. 

We will discuss the existence of solutions of some general types on 
three-point boundary value problems by using upper and lower solution 
method associated with basic degree theory or Schauder’s fixed point 
theorem. This paper is organized as follows. In Section 2, we give some 
preliminaries. In Section 3, for the case f is continuous, we use the 

classical space [ ]1,01C  of continuous functions on [ ]1,0  with 1C -norm, 
and apply Schauder’s fixed point theorem on this function space to show 
the existence of classical solutions in Theorem 1. In Section 4, focusing on 
the source term f, which is a Carathéodory function, we consider the 

Sobolev space ( )1,01,2W  defined by 

( ) { [ ] ( )}.1,01,0:1,0 111,2 LuCuW ∈′′∈=  

Two kinds of upper and lower solutions are introduced there, and by 
applying Schauder’s fixed point theorem and degree theory, we get the 

existence of 1,2W -solution in Theorems 2 and 3, respectively. Finally, 
some examples are given in the last section. 

2. Preliminaries 

Define [ ] [ ] ( )∞−∞→× ,1,01,0:G  by 

( ) ( ) ( ) ( ) ,1,0,,1,11
1:, ≤≤

δη−
δ−−−

δη−
= ststVstUststG  (3) 

where δ  and η  are given as (2), and 
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( ) ( ) ( )


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By direct computations, we get the following lemma. 

Lemma 1. (i) The function [ ] [ ] ( )∞−∞→× ,1,01,0:G  defined by (3), 
is the Green function corresponding for the problem 

( )
( ) ( ) ( )




ηδ==
=′′

.1,00
,0

uuu
tu  

(ii) The function [ ] [ ] ( )∞−∞→× ,1,01,0:G  defined by (3), is 

continuous. 

3. Existence of Classical Solutions 

In this section, we deal with the classical case, that is, our source 
term f is continuous, and assume 10 <δη<  on our boundary condition 
(2). The notion of upper and lower solutions are given as follows: 

Definition 1. A function ( ) [ ]1,01,02 CC I∈α  is a lower solution of 
problem (1), (2), if it satisfies: 

(i) ( ) ( ) ( ),1,00 ηδα≤α≤α  and 

(ii) for all ( ) ( ) ( ) ( )( ) .0,,,1,0 ≥α′α+α ′′∈ tttftt  

Definition 2. A function ( ) [ ]1,01,02 CC I∈β  is an upper solution of 
problem (1), (2), if it satisfies: 

(i) ( ) ( ) ( ),1,00 ηδβ≥β≥β  and 

(ii) for all ( ) ( ) ( ) ( )( ) .0,,,1,0 ≤β′β+β ′′∈ tttftt  

Definition 3. Let α  be a lower solution and β  be an upper solution 

for problem (1), (2), satisfying β≤α  on [ ].1,0  We say that a continuous 
function f satisfies Nagumo’s condition with respective to α  and ,β  if 

there exists a function [ ) ( )( )∞+∞∈ ,0;,0Ch  such that 

( ) ( ),,, vhvutf ≤  
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for all ( ) [ ] ( ) ( )[ ] ,,1,0,, R×βα×∈ ttvut  and 

( ) .
0

∞=∫
∞

dssh
s  

The proofs for the existence theorems for solutions of boundary value 
problems depend on finding a priori bounds for the solution and its 
derivative. Hence, we need the following well-known result. 

Lemma 2 [2]. Assume that f is a continuous function satisfying 
Nagumo’s condition on [ ]1,0  with respect to α  and .β  Then for any 

solution ( ) [ ]1,02Ctu ∈  of (1) with ( ) ( ) ( )ttut β≤≤α  on [ ],1,0  there exists 
an 0>L  depending only on h,, βα  such that 

( ) [ ].1,0onLtu ≤′  

It follows from Lemma 2 that we choose a number N large enough 

and two functions [ ] RRR →××1,0:
~~,~ ff  via 

( )
( )
( )
( )






>
≤≤−

−<−
=

,if,,,
,if,,,

,if,,,
,,~

NvNutf
NvNvutf

NvNutf
vutf  

and 

( )

( )( ) ( )
( ) ( )

( ) ( ) ( )
( )( ) ( )

( ) ( )









β>+β
β≤≤α

α<+α

=

+β+
−β

+α+
−α

.if,,,~
,if,,,~

,if,,,~

,,
~~

1

1

tuvttf
tutvutf

tuvttf

vutf

ut
ut

ut
ut

 

Note that f
~~  is a continuous function on [ ] ,1,0 RR ××  satisfying, for 

some ,0>M  

( ) ( ) [ ] .1,0,,for,,,
~~ RR ××∈≤ vutMvutf  (4) 

Before proving our main results, we first focus on such a modified 
problem given as follows: 

( ) ( ) ( ),1,0,0,,
~~

∈=′+′′ tuutftu  (5) 

with boundary condition (2). 
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Proposition 1. Let ( )tα  and ( )tβ  be the respective lower and upper 

solution of problem (1), (2) with ( ) ( )tt β≤α  on [ ],1,0  and let f be 

continuous on E and satisfy Nagumo’s condition with respect to α  and β  

on [ ],1,0  where 

{( ) [ ] ( ) ( )}.1,0,,: tutvutE β≤≤α××∈= RR  

Moreover, we assume that on domain E, for each fixed ( ) ( )vutfut ,,,,  is 

nondecreasing in v. If ( ) [ ]1,01,02 CCu I∈  is a solution of the modified 

problem (5), (2), then ( ) ( ) ( ),ttut β≤≤α  for any [ ].1,0∈t  

Proof. Let us assume on the contrary that, for some [ ],1,00 ∈t  

[ ]
( ) ( )( ) ( ) ( ) .0min 001,0

<α−=α−
∈

ttuttu
t

 

Case (i). If ( ),1,00 ∈t  by the definition of lower solution ( )tα  and 

( ),,
~~ utf  we obtain 

( ) ( )000 ttu α ′′−′′≤  

( ( ) ( )) ( ( ) ( ))000000 ,,,,
~~ tttftututf α′α+′−≤  

( ( ) ( )) ( ) ( )
( ) ( ) ( ( ) ( ))000

00
00

000 ,,1,, tttftut
tuttttf α′α+

+α+
−α

−α′α−=  

( ) ( )
( ) ( ) .01 00

00 <
+α+

−α
= tut

tut  

It leads to a contradiction. 

Case (ii). If ,00 =t  by the definition of lower solution, ( ) ,00 ≤α  we 
then have 

( ) ( ) ( ) ,00000 <α−≤= uu  

and get a contradiction. 

Case (iii). If ,10 =t  let ( ) ( ) ( ).: ttutw α−=  Note that ( ) 01 <w  and 
( ) .00 ≥w  Hence, there exists [ )1,0∈σ  such that ( ) 0=σw  and ( ) ,0<tw  
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for all ( ].1,σ∈t  We separate it into two subcases. If ( ),1,η∈σ  it follows 

from ( ) ,0<ηw  that there exists ( )σ∈ ,01t  such that ( ) { ( )twtw min1 =  

[ ]}.,0 σ∈t  Hence, we have ( ) 01 =′ tw  and ( ) .01 ≥′′ tw  Therefore, 

( ) ( ) ( )1110 ttutw α ′′−′′=′′≤  

( ( ) ( )) ( ) ( )
( ) ( ) ( )1

11
11

111 1,, ttut
tuttttf α ′′−

+α+
−α

−α′α−=  

,0<  

which is a contradiction. If ( ),,0 η∈σ  we split the rest into two parts: 

( ) ( ) ,010 ≤′ tw  for all [ ].1,σ∈t  In this case, for all ( ],1,σ∈t  it 

follows from ( ) ,0<tw  and the nondecreasing property of ( )vutf ,,  on E, 
that 

( ) ( ( ) ( )) ( ) ( )
( ) ( ) ( ) .01,, <α ′′−

+α+
−α

−α′α−≤′′ ttut
tuttttftw  

Hence, ( )tw  is concave on [ ],1,σ  which implies 

( ) ( ) .1
1
σ−

>
σ−η
η ww  

However, ( ) ( ) ( ),11 η
η

>ηδ≥ www  which is impossible. 

( )02  there exists ( )1,2 σ∈t  such that ( ) ( ) ,0,0 22 =′< twtw  and 
( ) .02 ≥′′ tw  In this case, we have 

( ) ( ( ) ( )) ( ) ( )
( ) ( ) ( ) ,01,,0 2

22
22

2222 <α ′′−
+α+

−α
−α′α−=′′≤ ttut

tuttttftw  

which is a contradiction. 

Similarly, we can show that ( ) ( ),ttu β≤  for any [ ],1,0∈t  hence, we 
complete this proof.   

Theorem 1. Let ( )tα  and ( )tβ  be the respective lower and upper 

solution of problem (1), (2) with ( ) ( )tt β≤α  on [ ],1,0  and let f be 
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continuous on E and satisfy Nagumo’s condition with respect to α  and β  

on [ ],1,0  where 

{( ) [ ] ( ) ( )}.1,0,,: tutvutE β≤≤α××∈= RR  

Moreover, we assume that on domain E, for each fixed ( ) ( )vutfut ,,,,  is 

nondecreasing in v. Then, the problem (1), (2) has at least one solution 

( ) [ ]1,01,02 CCu I∈  such that, for all [ ],1,0∈t  

( ) ( ) ( ).ttut β≤≤α  

Proof. Consider the modified problem (5), (2). Define [ ]1,0: 1CT  

[ ]1,01C→  by 

( ) ( ) ( ) ( ) ( )( ) ,,,
~~,:

1

0
dssususfstGtTu ′= ∫  (6) 

for [ ],1,01Cu ∈  where ( )stG ,  is defined as (3). 

Let 

{ [ ] ( )},,min1,0: 21
1 1 MmMmuCuD C ≤∈=  

where 

[ ]
( ) ,,max:

1

01,01 dsstGm
t ∫∈

=  

[ ]
( ) ,,max:

1

01,02 dsstt
Gm

t ∂
∂= ∫∈

 

and M is defined as in (4). It is clear that D is a closed, bounded, and 

convex set in [ ]1,01C  and one can show that DDT →:  is a completely 

continuous mapping by Arzelà-Ascoli theorem. By applying Schauder’s 
fixed point theorem, we obtain that T has a fixed point u in D, which is a 
solution of problem (5), (2). From Proposition 1, this fixed point u of T is 
indeed a solution of equation 

( ) ( ) ( )( ) ,0,,~
=′+′′ tututftu  
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with boundary condition (2). Next, we claim that ( ) Ntu ≤′  on [ ].1,0  It 

follows from Mean Value Theorem, and ( ) ( ) ( )ttut β≤≤α  on [ ]1,0  that 

there exists ( )1,00 ∈x  such that 

( ) { ( ) ( ) ( ) ( ) } .:01,10max0 Nxu <λ=β−αβ−α=′  

If the claim does not hold, then there exists [ ] [ ],1,0, 13 ⊆xx  such that 

one of the following case hold: 

(i) ( ) ( ) ( ) ( ),,for,and,, 1313 xxttuNxuNxu ∈λ−<′<−λ−=′−=′  

(ii) ( ) ( ) ( ) ( ),,for,and,, 1313 xxttuNNxuxu ∈λ−<′<−−=′λ−=′  

(iii) ( ) ( ) ( ) ( ),,for,and,, 1313 xxtNtuxuNxu ∈<′<λλ=′=′  

(iv) ( ) ( ) ( ) ( ).,for,and,, 1313 xxtNtuNxuxu ∈<′<λ=′λ=′  

Let us consider Case (i), other cases are discussed similarly. On [ ],, 13 xx  

we infer that 

( ) ( ) ( )( ) ( ) ( )( ) ( )( )tuhtututftututftu ′≤′=′=′′ ,,,,~  

on [ ]., 10 xx  Thus, 

( ) ( ) ( ) ( ) ( )
( )( ) dttuh

tutudttuxuxu
x

x

x

x ′−
′′′−

≥′−=− ∫∫
1

3

1

3
13  

( ) [ ]
( )

[ ]
( ),minmax

1,01,0
ttdssh

s
tt

N
α−β>≥

∈∈λ∫  

a contradiction. Hence, this fixed point of T is indeed a solution of 
problem (1), (2), and the proof is completed.   

4. Carathéodory Case 

In this section, we first introduce the definition of Carathéodory 

function, and the notion of 1,2W -upper (lower) solution. Then, we shall 

discuss the existence of 1,2W -solution by assuming the existence of upper 
and lower solutions under Carathéodory case. 
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Definition 4. A function ( )vutf ,,  defined on [ ] RR ××⊆ baE ,  is 

called a Carathéodory function on E, if 

(i) for almost every [ ] ( )⋅⋅∈ ,,,, tfbat  is continuous on its domain, 

(ii) for any ,, R∈vu  the function ( )vuf ,,⋅  is measurable on its 

domain, 

(iii) for any ,0>r  there exists ( )baLpr ,1∈  such that for any ∈vu,  

[ ],, rr−  and for almost every [ ]bat ,∈  with ( ) ,,, Evut ∈  we have 

( ) ( ).,, tpvutf r≤  

Now, we impose 10 ≤δ<  on the boundary condition (2) and start 
concerning about Carathéodory case, that is, the Carathéodory source 

term f. We shall discuss the existence of 1,2W -solution by assuming the 
existence of upper and lower solutions. 

4.1. Existence of 1,2W -solutions. In this subsection, we impose an 
additional assumption on the increasing property of f and discuss the 

existence of 1,2W -solution. We first introduce the definitions of 1,2W -
upper and lower solutions as below. 

Definition 5. A function [ ]1,0C∈α  is called a 1,2W -lower solution 

of problem (1), (2), if it satisfies 

(i) ( ) ( ) ( ),1,00 ηδα≤α≤α  and 

(ii) for any ( ),1,00 ∈t  either ( ) ( ),00 tDtD α<α +
−  or there exists an 

open interval ( )1,00 ⊆I  containing 0t  such that ( ),0
1,2 IW∈α  and for 

almost every ,0It ∈  we have 

( ) ( ) ( )( ) .0,, ≥α′α+α ′′ tttft  

Definition 6. A function [ ]1,0C∈β  is called a 1,2W -upper solution 

of problem (1), (2), if it satisfies 

(i) ( ) ( ) ( ),1,00 ηδβ≥β≥β  and 
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(ii) for any ( ),1,00 ∈t  either ( ) ( ),00 tDtD β>β +
−  or there exists an 

open interval ( )1,00 ⊆I  containing 0t  such that ( ),0
1,2 IW∈β  and for 

almost every ,0It ∈  we have 

( ) ( ) ( )( ) .0,, ≤β′β+β ′′ tttft  

For this pair of 1,2W -upper and lower solutions, we can define the 
Nagumo’s condition for Carathéodory function similar as Definition 3, 
and conclude. 

Lemma 3. Assume that Carathéodory f is a Carathéodory function 
satisfying Nagumo’s condition on [ ]1,0  with respect to α  and .β  Then for 

any solution ( )1,01,2Wu ∈  of (1) with ( ) ( ) ( )ttut β≤≤α  on [ ],1,0  there 

exists an 0>L  depending only on h,, βα  such that 

( ) [ ].1,0onLtu ≤′  

Proof. All arguments are as same as Bernfeld and  
Lakshmikantham’s proof, see [2], except one point that we use the more 
general version of change of variables in integral, which is mentioned in 
[1, p.165].   

Proposition 2. Let ( )tα  and ( )tβ  be the respective 1,2W -lower and 

upper solution of problem (1), (2) with ( ) ( )tt β≤α  on [ ],1,0  and let f be a 

Carathéodory function on E, and satisfy Nagumo’s condition with respect 
to α  and β  on [ ],1,0  where 

{( ) [ ] ( ) ( )}.1,0,,: tutvutE β≤≤α××∈= RR  

Moreover, we assume that on domain E, for each fixed ( ) ( )vutfut ,,,,  is 

nondecreasing in v. If ( )1,01,2Wu ∈  is a solution of the modified problem 

(5), (2), then ( ) ( ) ( ),ttut β≤≤α  for any [ ].1,0∈t  

Proof. Suppose there exists [ ]1,00 ∈t  such that 

[ ]
( ) ( )( ) ( ) ( ) .0min 001,0

<α−=α−
∈

ttuttu
t
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Case (i). If ( ),1,00 ∈t  we have ( ) ( ) ( ) ( ),0000 tDtutDtu α−′≤α−′ +
−  

which implies ( ) ( ).00 tDtD α≥α +
−  Hence, by Definition 5 and the 

continuity of α−u  at ,0t  there exist an open interval ( )1,00 ⊆I  with 

( ),, 0
1,2

00 IWIt ∈α∈  and a neighborhood G of 0t  contained in ,0I  such 

that for almost every ,Gt ∈  

( ) ( ) ,0<α− ttu  

and 

( ) ( ) ( )( ) .0,, ≥α′α+α ′′ tttft  

Furthermore, it follows from ( ) ( ) ,0≥α′−′ ttu  for Gttt ∈≥ ,0  that 

( ) ( )( )
( ) ( )( ) ( ) ( )

( ) ( ) ( )

( )( ) ( ) ( )
( ) ( ) ( )





>′+α

≤′+′α
=′

+α+
−α

+α+
−α

.if,,,

,if,,,
,,

~~

1

1

NtuNttf

Ntututtf
tututf

tut
tut

tut
tut

 

Since, the nondecreasing assumption on f, one can conclude that for 
,0tt ≥  

( ) ( ) ( ( ) ( ))dsssuttu
t

t
α ′′−′′=α′−′ ∫ 0

 

( ) ( )( ) ( ) ( )( )dssssfsususf
t

t
α′α+′−≤ ∫ ,,,,

~~
0

 

.0<  

This implies that the minimum of α−u  can not occur at ,0t  a 

contradiction. 

Case (ii). If ,00 =t  by the definition of 1,2W -lower solution 

( ) ,00 ≤α  we then have 

( ) ( ) ( ) ,00000 <α−≤= uu  

and get a contradiction. 
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Case (iii). If ,10 =t  it follows from the conclusion of Case (i), and 
10 ≤δ<  that 

( ) ( ) ( ) ( )( ) ( ) ( )( ) ( ) ( ),111111 α−≥α−δ>ηα−ηδ≥α− uuuu  

which is impossible. 

Consequently, we obtain ( ) ( )tut ≤α  on [ ].1,0  By the similar 
arguments as above, we also have 

( ) ( ) [ ].1,0onttu β≤  

  

Theorem 2. Let ( )tα  and ( )tβ  be the respective 1,2W -lower and upper 

solution of problem (1), (2) with ( ) ( )tt β≤α  on [ ],1,0  and let f be a 

Carathéodory function on E and satisfy Nagumo’s condition with respect 
to α  and β  on [ ],1,0  where 

{( ) [ ] ( ) ( )}.1,0,,: tutvutE β≤≤α××∈= RR  

Moreover, we assume that on domain E, for each fixed ( ) ( )vutfut ,,,,  is 

nondecreasing in v. Then, the problem (1), (2), has at least one solution 
1,2Wu ∈  such that, for all [ ],1,0∈t  

( ) ( ) ( ).ttut β≤≤α  

Proof. As in the proof of Theorem 1, we consider the modified 
problem (5), (2) with respect to the given ( )tα  and ( ).tβ  Consider the 

Banach space [ ]1,01C  with usual 1C -norm, and the operator [ ]1,0: 1CT  

[ ]1,01C→  by (6). Since f is a Carathéodory function, for ,0>>r  there 

exists a function ( )1,01Lhr ∈  such that for any [ ],, rru −∈  for almost 
every [ ]1,0∈t  with ( ) ,,, Evut ∈  we have 

( ) ( ).,, thvutf r≤  

Define 

{ [ ] ( )},,min1,0: 21
1 MMuCuK ≤∈=  
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where 

[ ]
( ) [ ( ) ] ,1,max:

1

01,01 ∞<+= ∫∈
dsshstGM rt

 

and 

[ ]
( ) [ ( ) ] .1,max:

1

01,02 ∞<+
∂
∂= ∫∈

dsshstt
GM rt

 

It is clear that K is a closed, bounded, and convex set in [ ]1,01C  and one 
can show that KKT →:  is a completely continuous mapping by 
Arzelà-Ascoli theorem, and Lebesgue dominated convergence theorem. By 
applying Schauder’s fixed point theorem, we obtain that T has a fixed 
point in K, which is a solution of problem (5), (2). From Proposition 2 and 
similar arguments in Theorem 1, this fixed point of T is also a solution of 
problem (1), (2). Hence, we complete the proof.   

4.2. Non-tangency solution. In this subsection, we afford another 
stronger 1,2W -lower and upper solutions to get a strict inequality of the 
solution between them. 

Definition 7. A function [ ]1,0C∈α  is a strict 1,2W -lower solution of 
problem (1), (2), if it is not a solution of problem ( ) ( ) ( ) ( ) ≤α<α 1,00,2,1  

( ),ηδα  and for any ( ),1,00 ∈t  one of the following is satisfied: 

(i) ( ) ( ),00 tDtD α<α +
−  

(ii) there exist an interval [ ]1,00 ⊆I  and 0>  such that int0 ∈t  

( ) ( ),, 0
1,2

0 IWI ∈α  and for almost every ,0It ∈  for all 
[ ( ) ( ) ],, +αα∈ ttu  ( ) ,R∈′ tu  we have 

( ) ( ) ( )( ) .0,, ≥′+α ′′ tututft  

Definition 8. A function [ ]1,0C∈β  is a strict 1,2W -upper solution of 
problem (1), (2), if it is not a solution of problem ( ) ( ) ( ) ( ) ≥β>β 1,00,2,1  

( ),ηδβ  and for any ( ),1,00 ∈t  one of the following is satisfied: 

(i) ( ) ( ),00 tDtD β>β +
−  
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(ii) there exist an interval [ ]1,00 ⊆I  and 0>  such that int0 ∈t  

( ) ( ),, 0
1,2

0 IWI ∈β  and for almost every ,0It ∈  for all 
( ) ( )[ ],, ttu β−β∈   ( ) ,R∈′ tu  we have 

( ) ( ) ( )( ) .0,, ≤′+β ′′ tututft  

Remark. Every strict 1,2W -lower (upper) solution of problem (1), (2) 

is a 1,2W -lower (upper) solution. 

We also consider the three-point boundary value problem (1), (2), 
which can be written in the form 

( ) ( ) ( ) ( ) ( ) ( )( ) ,,,,:
1

0
dstususfstGtMutu ′== ∫  (7) 

where ( )stG ,  is defined by (3). 

Now, we are going to show that the solution curve of problem (1), (2) 
can not be tangent to upper or lower solutions from below or above. 

Proposition 3. Let ( )tα  and ( )tβ  be the respective strict 1,2W -lower 

and upper solution of problem (1), (2) with ( ) ( )tt β≤α  on [ ],1,0  and let f 

be a Carathéodory function on E and satisfy Nagumo’s condition with 
respect to α  and β  on [ ],1,0  where 

{( ) [ ] ( ) ( )}.1,0,,: tutvutE β≤≤α××∈= RR  

If ( )1,01,2Wu ∈  is a solution of problem (1), (2) with β≤≤α u  on [ ],1,0  

then ( ) ( ) ( ),ttut β<<α  for any [ ].1,0∈t  

Proof. As α  is not a solution, u is not identical to .α  Assume the 
conclusion does not hold, then 

[ ] ( ) ( ){ }ttutt α=∈= 1,0inf:0  

exists. Since α−u  has minimum at ,0t  we have ( ) ( )00 tDtD α≥α +
−  and 

( ) ( ) .000 =α− ttu  
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Case (i). If ( ),1,00 ∈t  according to the Definition 7, there exist 
,0, 00 >I  and 01 It ∈  with 01 tt <  such that, for every ( ) ( )tuttt ,, 01∈  

( ) ( ) ( ) ,0, 110 <α′−′+α≤ ttut   and for a.e. ( )01, ttt ∈  

( ) ( ) ( )( ) .0,, ≥′+α ′′ tututft  

Hence, we have the contradiction since 

( ) ( ) ( ) ( ) [ ( ) ( )( ) ( )] .0,,0
0

1
10 ≤α ′′+′−=α′−′−α′−′< ∫ dtttututftutu

t

t
 

Case (ii). If ,00 =t  by the definition of strict 1,2W -lower solution 
that ( ) ,00 <α  we then have 

( ) ( ) ,0000 <α−= u  

and get a contradiction. 

Case (iii). If ,10 =t  repeat the same arguments in Case (iii) of 

Proposition 2. 

Therefore, we obtain ( ) ( )tut <α  on [ ].1,0  The inequality ( ) ( )ttu β<  

on [ ]1,0  can be proved by the similar arguments as above.   

Theorem 3. Let ( )tα  and ( )tβ  be the respective strict 1,2W -lower and 

upper solution of problem (1), (2) with ( ) ( )tt β≤α  on [ ],1,0  and let f be a 

Carathéodory function on E and satisfy Nagumo’s condition with respect 
to α  and β  on [ ],1,0  where 

{( ) [ ] ( ) ( )}.1,0,,: tutvutE β≤≤α××∈= RR  

If, in addition, we assume that on domain E, for each fixed ( ),, ut  

( )vutf ,,  is nondecreasing in v. Then, 

( ) ,1,deg =Ω− MI  

where M is defined by (7), and 

{ [ ] ( ) ( ) ( ) ( ) [ ]}.1,0,11,1,0: 1 ∈+<′<−−β<<α∈=Ω tanyforNtuNttutCu  
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As a result, problem (1), (2), has at least one solution ( )1,01,2Wu ∈  such 

that, for any [ ]1,0∈t  

( ) ( ) ( ).ttut β<<α  

Proof. Consider the modified problem (5), (2), and the operator 

[ ] [ ]1,01,0: 11 CCT →  is defined by 

( ) ( ) ( ) ( ) ( )( ) ,,,
~~,

1

0
dssususfstGtTu ′= ∫  

where ( )stG ,  is defined by (3). It is clear that ImT is bounded, hence, for 

any 0>R  large enough, ImT is contained in the ball ( )0RB  with center 
at the origin and radius R. 

For any [ ] ( ),0,1,0 RBx ∈∈λ  let 

( ) ( ) ( ) .1, xTxxxH λ−+−λ=λ  

One can demonstrate that ( )xH ,λ  is a homotopy and ( ) ,0, ≠λ xH  for all 
( )0RBx ∂∈  and .10 ≤λ≤  From the homotopy invariance of degree 

theory, we have 

( )( ) ( )( ) .10,deg0,deg ==− RR BIBTI  

It follows from Remark and Proposition 2 that every solution u of problem 
(5), (2) satisfies ( ) ( ) ( )ttut β≤≤α  on [ ],1,0  moreover, by Proposition 3 
and similar demonstration as in the proof of Theorem 1, we conclude that 
( ) ( ) ( )ttut β<<α  on [ ]1,0  and ( ) .Ntu ≤′  This proves that such a 

solution is in .Ω   

As M and T coincide on ,Ω  we obtain 

( ) ( ).,deg,deg Ω−=Ω− TIMI  

By the excision property of degree theory, we get 

( ) ( )( ) .10,deg,deg =−=Ω− RBTITI  

Hence, we complete the proof.   
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5. Examples 

In this section, we afford two examples as applications of our results 
in Theorems 1 and 2. 

Example 1. Consider the second order three-point BVP 

( ) ( )( ) ( ) ( ) ( ),1,0,01exp ∈=−+′−−+′′ tttutututu  (8) 

( ) ( ) ( ),211,00 cuuu ==  (9) 

where .10 ≤< c  We observe that ( ) 0=α t  and ( ) tt =β  are lower and 

upper solutions of problem (8), (9), respectively. Clearly, ( ) =:,, vutf  

( ) 1exp −+−− tvuu  is continuous on [ ] .1,0 RR ××  Also, f satisfies the 

Nagumo’s condition with respect to α  and β  on [ ],1,0  where 

( ) ssh += 2:  on [ ).,0 ∞  All assumptions in Theorem 1 are satisfied, and 

hence, we obtain a classical solution u such that ( ) ttu ≤≤0  on [ ].1,0  

Example 2. Consider the second order differential equation 

( ) ( ) ( ) ( ) ( ) ( ) ( ),1,0,0cossin 1 ∈=′′+−−′′ −α ttutututgtutu  (10) 

equipped with (9), where ,21,10 ≤α≤≤< c  and 

( )
[ ]
[ ]




∈

∈
=

.1,0if,sin
,1,0if,1

Q
Q

ctt
t

tg
I

I
 

We observe that ( ) tt −=α  and ( ) 0=β t  are 1,2W -lower and upper 

solutions of problem (10), (9), respectively. Clearly, ( ) +−= uvutf sin:,,  

( ) uvvtg cos1−α+  is a Carathéodory function on E, where 

{( ) [ ] }.01,0,,: ≤≤−××∈= utvutE RR  

Also, f satisfies the Nagumo’s condition with respect to α  and β  on [ ],1,0  

and f is increasing with respective to v for [ ]1,0∈t  and [ ].0,1−∈u  All 

assumptions in Theorem 2 are satisfied. Hence, we get a 1,2W -solution u 
such that ( ) 0≤≤− tut  on [ ].1,0  
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